PROOF OF THE ISOPERIMETRIC INEQUALITY

Our goal is to show that balls satisfy the isoperimetric inequality. Let us fix some notation.

We are given a number m > 0 and we aim to solve the isoperimetric problem, that is,
inf {P(E), ECRY, |E| = m} ,

where the infimum is taken among all the sets of finite perimeter. We will call J(m) the value

of the above infimum, and we will show the following result.
Theorem 1. The infimum above is reached by a set E if and only if E is a ball of volume m.

Notice that, as an immediate consequence of this theorem, we will obtain

N—-1

J(m) =N wjlv/Nm N
We can start by finding a weaker version of this formula.

Lemma 2. For any m > 0 one has
~ N1
J(m) =m ¥ J(1).
Proof. This is obvious by rescaling, since for every set E of finite perimeter and for every A > 0

we have
INE| = \N|E|, POE) =\N"1P(E).
O

Thanks to this simple formula, we can immediately show the existence of isoperimetric sets.
Lemma 3. There exist isoperimetric sets of every volume.

Proof. Let {E,}nen be an isoperimetric sequence, that is, a sequence such that

|En] =m, P(E,) —— J(m).

n—oQ

The corresponding sequence X B, 18 then bounded in BV(RN ), so up to a subsequence we have
that x, — f in BV, for some function f € BVioe(RY). Since the convergence is strong in
Ll

100(RN ), we deduce that f admits only 0 and 1 as values, so actually f = X5 for some set

E C RVN. By lower semicontinuity, we obtain
|E| = HXEHLl <liminf |E,| =m, P(E) = \DXE](]RN) <liminf P(E,) =J(m).

As a consequence, we will conclude the proof, being the set E is an isoperimetric set of volume
m, as soon as we will find an isoperimetric sequence {E, } such that the corresponding limit set
E satisfies

|E|=m. (1)
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To obtain such a sequence, let us fix £ > 0 and consider a generic set F with volume m and
perimeter P(E) < J(m)+¢. Let moreover ¢ € R be a chosen so that Y Y(EN{z; =t}) <e.
Let us alsoset B~ = EN{xy < t}and E* = EN{z; > t},and my = |E~|, mg = |[E*| = m—m;.

By Lemma 2 one can evaluate

m ¥ 3(1) +e=3m)+e> P(E) > P(E") + P(E") — 2N Y (EN {1 = t})

N-1 N-1
> P(E7) + P(E") =22 2 3(m1) +3(ma) — 26 = J() (my ™ +my™ ) = 2.
Since t — t¥ + (m — t)%

t = m, we deduce that

is a strictly concave map with minimum exactly at ¢ = 0 and

min{my, ma} < ()

for some continuous and increasing function e — §(g) satisfying §(0) = 0 (it is possible to write
explicitely the function (), but there is no need to do so). Up to a translation, we can assume
that |E N {x; > 0} = m/2. By Fubini Theorem, it is possible to find 0 < ¢t < m/e satisfying
A N"YE N {x, =t}) < e. The above argument implies that

|[En{zy >m/e}| < |[En{z >t} <6(e).

The symmetric argument implies that also |[EN{z1 < —m/e}| < (), and of course the very same
can be done for every direction. Summarizing, if a set E of volume m satisfies P(E) < J(m) +¢,

then up to a translation we have
En[-M,MN|>m —2Né(e),

calling M = m/e.
Consider then any isoperimetric sequence {E,} of volume m. Up to translate the sets, we
can assume that |E, N {z; > 0} = m/2 for every n € N and every 1 < j < N. Up to a

* N

subsequence, we know that X Xz for some set E. For every e, the inequality P(E,) <

~

J(m)+e€ is true for each n big enough. So, recalling that the convergence of X, 10 Xj Is strong
in LY([-M, M]N), we deduce

B> |En[=M, M| > lim ‘En A [=M, M]N| > m — 2N6(e),
n—oo
and since € > 0 is arbitrary we obtain the validity of (1). The proof is then concluded. O

Up to now, we only have the existence of isoperimetric sets. We must show that these sets
are exactly the balls. We will strongly use the symmetry of the problem. Our first tool, very

simple yet fundamental, is the following symmetrization argument.

Lemma 4. Let E be a set of finite perimeter, and let II be a (N — 1)-dimensional affine hyper-
plane bisecting E, that is, the volume of E in the two half-spaces corresponding to the plane 11
1s the same. Let us call Fy and Eo the two sets symmetric with respect to 11 and which coincide

with E in one of the two half-spaces. Then,

p(g) > TELL B, @
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Proof. Let us call 7 : RV — R the reflection with respect to II, let us call Rf and RY the
two open half-spaces induced by II, and let E~ = ENRY and ET = EnN R_]X . Notice that
Ei1=FE Un(E~) and Ey = EY Un(ET). We claim that

IE =@ ENRNUr(@*ENRY) 2N ' —qe..

In fact, it is clear that *Ey NRY = 0*ENRY, and 0*Ey N Rf = 71(0*ENRY), so we have to
show that Y ~1(9*E; N1I) = 0. Let us take a point # € &*E; N1I, which has then density 1/2
with respect to E1. By symmetry of E, this implies that x has density 1/4 with respect to £,
and then the claim follows since E~ is a set of finite perimeter and then points with density 1/4
with respect to E~ are J¢ N _1—negligible. We deduce

P(E,) = AN Yo E)) = 2N 1O ENRY).
The very same estimate, with Fs in place of Eq, gives then
P(Ep) = 2N "1 (9*ENRY),
and adding up these two estimates we get (2). O

Corollary 5. There exist an isoperimetric set of volume m which is symmetric with respect
to a hyperplane. There also exists an isoperimetric set which is symmetric with respect to N

orthogonal hyperplanes.

Proof. We know that an isoperimetric set E exists by Lemma 3. It is clearly possible to find
an affine hyperplane bisecting E with any given normal direction (it is enough to translate the
hyperplane until it bisects the set). Calling E; and Ey the symmetric sets defined in Lemma 4, we
have then the validity of (2). Since both E; and Es have the same volume as E by construction,
by minimality of F we deduce that both F; and Fj are isoperimetric sets.

To obtain an isoperimetric set symmetric with respect to N orthogonal hyperplanes, it is
enough to argue by induction. Indeed, take an isoperimetric set E symmetric with respect to
j orthogonal hyperplanes, with 1 < 5 < N. Then, let IT be a hyperplane bisecting £ and
orthogonal to all the j existing hyperplanes. As noticed before, calling E; and Fo the sets
obtaining by symmetrization of E with respect to F, they are both isoperimetric sets of volume
m. And finally, since the hyperplanes are orthogonal, not only F; and Fy are symmetric with
respect to II, but they are symmetric also with respect to the previous j hyperplanes, so they

are both symmetric with respect to j + 1 orthogonal hyperplanes. This concludes the thesis. [

We can now prove a much more involved estimate, by making use of the Steiner symmetriza-

tion, which we now introduce.

Definition 6 (Steiner symmetrization). Let E C RN be a set of finite volume. For AN e
2’ € RN the function o(x') = A (Ey)/2 is well defined, where E, C R is the section of E
at @' given by E,, = {t e R: (2/,t) € E}.

The Steiner symmetrized of F is then the set

E* = {(:U’,t) eRYN . —p(z') <t< 4,0(3:')} .
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Notice that E* is symmetric with respect to the hyperplane {zn = 0}, and that by Fubini Theorem
one has |E*| = |E|.

We can now see that the Steiner symmetrization lowers the perimeter.

Lemma 7. Let E C RY be a set of finite perimeter, and let E* be its Steiner symmetrized.
Then
P(E*) < P(E). (3)

Proof. First of all, we reduce ourselves to consider the case of a smooth set. Indeed, since
smooth functions are dense in BV, we have a sequence {E,, } of smooth sets whose characteristic
functions strongly converge to X, in L', and with P(E,) — P(E). Once the result has been

proved for smooth sets, we have then
P(F) =1lim P(E,) > liminf P(E}) > P(E"),

where the last inequality is clear since by construction also the characteristic functions of E}
converge to X .. It is then enough to prove the inequality in the case of smooth sets.

We can further reduce ourselves to the case when F is a smooth set without vertical parts
of the boundary, that is, the boundary of E is a finite union of graphs over closed subsets of
RN—1. Indeed, this property is always true for a smooth set up to an arbitrarily small rotation.

Let us then consider such a set E. By definition, we can find finitely many disjoint open
sets A; C RV1 such that

P(E) =) P(E,A; xR) (4)
and for each j there is some K(j) € N and smooth functions uzi] :Aj = Rforevery 1 <i < K(j)
in such a way that
<y <ty <ugy < <
and that for every j one has
K(j)
ENn(A; xR) = U {(y,t): y €A, u;j<t<u:j}.
i=1

Keep in mind that, if A C RN~! is an open set and u : A — R is a smooth function, then

AN ({utw) v e a}) = [ VIFIDPGAN ), 5)

as one can immediately check.

Let us now observe that by construction we also have
P(E*) =) P(E*,A; xR) (6)
and by definition
E* N (A; xR) ={(y,1), y € 4j, —o(y) <t < p(y)},

where

St ) — ()

p(y) = 5



PROOF OF THE ISOPERIMETRIC INEQUALITY 5

In particular,

K() + -
< > ’Dui,j(y)‘ + ’Dui,j(y)’ .

D
| Do (y < 5

. ‘ Sl Dui(y) - Du(y)
2

Since the function ¢ — /1 + 2 is increasing and strictly convex (hence also subadditive), we
deduce that for every y € A;

K(j)
2T+ DeP(y) < Y \/1+1Dud; () + /1 + | Dui; P(v)
=1

Recalling then (5) we deduce
P(E*,A; xR) < P(E, A; x R),
which by (4) and (6) concludes the thesis. O

Thanks to the result that we have just proved, if E is an isoperimetric set then so is also
E*. One would like to show the converse, that is, if E is isoperimetric then F = E* (up to a
translation). However, this is not possible at this stage of the construction.

Suppose then that F is an isoperimetric set. As a consequence, the inequality P(E*) < P(E)
is actually an equality. Let us give a quick look at the proof. Since the map ¢t — /1 + ¢2 is
strictly increasing and strictly convex, the only possibility for the inequality not to be strict is
that K(j) = 1 for every j, and that Dufj = —Duij. In particular, the inequality can be an
equality only if all the sections are segments. However, notice carefully that this is true only for a
smooth set F without vertical parts in the boundary! Indeed, a general set can be approximated
by smooth sets without vertical parts of the boundary, but of course by approximation one cannot
obtain a strict inequality. As a consequence, if E is a non-smooth set for which some sections
are not segments, then we cannot say that P(E*) < P(FE), and this is clearly unsatisfactory. To
fix this problem, we need to prove a stronger version of (3) which implies the strict inequality
for non-smooth sets with some sections which are not segments. This is precisely the content of

the next result.

Lemma 8. There erists a continuous, strictly increasing function ¥ : RT™ — RT with ¥(0) =0
such that the following holds. Let E C RN be a set of finite perimeter, let E* be its Steiner

symmetrized, and let

= {:c' eRN"Y: B, is not a segment} . (7)
Then,
N-1
P(E) > P(E*)+ P(E)¥ <w> (8)

Before giving the proof, a comment is in order. Since E is a set of finite perimeter, it is
defined up to a " -negligible subset. In particular, for " l-ae. 2/ € RV~! the section
E,s is defined up to a % !-negligible set, and then it makes sense to ask whether or not this
section is a segment. Consequently, the set I' is defined up to a 7 N _l—negligible subset, so the

estimate of the lemma makes sense.
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Proof. We start by noticing that it is sufficient to show (8) for smooth sets without vertical
parts of the boundary. Indeed, given a generic set E with finite perimeter, again by the density
of smooth functions in BV it is possible to find a sequence {E),} of smooth sets without vertical
parts of the boundary such that x, —= X, in BV, and moreover P(E,) — P(E). We claim
that, calling I';, the set given by (7) with E,, in place of F, one has

AN < liminf 2N 7H(T,). (9)

Indeed, for every 2’ € I' we have that the section E, is not a segment. Therefore, there exists
a constant d(z’) > 0 such that ' (EyAS) > §(z') for every segment S. For every n € N, we

have then

#N(EAE,) > AN EyA(Ey)y)dN 12! > / 5(z")dA N1y,

I\, NIy,

and since YN (EAE,) — 0 when n — oo, this implies that "' (I'\ T,) — 0, which is

stronger than (9). Since Y g+ converges to X . strongly in L', we also have

P(E*) <liminf P(E}).
As a consequence, since V¥ is increasing and continuous, if (8) is true for smooth sets without
vertical parts of the boundary then we get

P(E) = lim P(E,) > liminf P(E}) + P(En)q;<°7m>

%N—l (Pn)

)

%N—l (Fn)

(7,

liminf, e 52~ ~H(T,)
P(E)

> liminf P(E}) + lim inf P(En)\11<
n—oo

n—oo

> P(E*) + P(FE)liminf ¥

n—oo

) = P(E*) + P(E)\If(lggiogf W)

%N_I(F)> ’

= P(E*) + P(E)\I!( FE)

) > P(E*) + P(E)\If(

that is, (8) is true also for E. To conclude the proof we are then only reduced to show (8) for
the case of a smooth set E without vertical parts of the boundary.
Let then E be such a set. Keeping in mind the proof of Lemma 7, and using the same

notation, we have that

P(E) — P(E*) > /F (&) dAN (@),

where for every 2’ € T the function 7 is given by

) = (ijf) VI IDu @) + /14 |Dui7j(az)|2> 2 /T+|Dp(@),

being j the index such that 2’ € A;. Let us now fix 2’ € I', and notice that by definition of I'

one has K(j) > 2. As a consequence, recalling again that ¢ — /1 + ¢2 is strictly increasing and

strictly convex, we get that

D 7\|2
T(2") > 44/1+ |‘PZ(]:35)‘ —2y/1+ |Dy(a")|?.
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t2
() = 44/1+  —2V1+12,

P(E)P(E*)Z/F‘P(\DSO(SC’)!)dffN_l(ﬂf’)- (10)

Writing for brevity

we have then proved that

Notice that ® : Rt — R is a decreasing function with ®(0) = 2 and lim;_,o ®(¢) = 0. Let us
now divide I' into two disjoint subsets I~ and I'", both with measure " ~1(I')/2, and such
that for every y~ € I'" and every y* € I'" one has |Dp(y~)| < |[Dp(y™)|. Hence, there exists
some M € R such that |[Dy(2')| < M for every 2/ € T, and |Dp(z’)| > M for every o’ € T'".
We have

P(E)= P(E) = [

r

21+ [Dp(z)|2dAN " a') > NN D)1+ M2 > 2NN (D)M
.

from which we deduce
e
7 (D)

Using this inequality in (10), since ® is decreasing we get

Z%N;(F)(I)< P(E) >

P(E) - P(E") > / (| Dy (")) dV " (a') = AN THIT) @(M)

The proof is then concluded by defining

w(t) = 5 @(1/1),
which is clearly a continuous and strictly increasing function with ¥(0) = 0. O
Corollary 9. If E C RY is an isoperimetric set, then %N_l(I’) =0.

As a consequence, we can then prove the convexity of isoperimetric sets. Notice that a set of
finite perimeter is defined up to set of measure 0, hence we need to select a precise representative
of E to speak about convexity. The best choice is to select the set of the Lebesgue points of F,

that is, the set E' according with the usual notation.
Proposition 10. Assume that E C RY is an isoperimetric set. Then the set E' is convex.

Proof. In the whole proof we will consider the representative £ = E' for brevity of notation.
Let z, y be two points in F, and let z be a point in the open segment xy. We have to show
that z € E1. Up to a translation and rotation we can assume that z = (0,0), = (0, —a) and
y = (0,b) with a, b > 0. Let us fix some ¢ > 0. By definition of points of density 1, there is
some radius 7 = 7(¢) > 0 such that for every r <7
|E N B(x,r)|
|B(x,7)]

|ENB(y,r)|

>1—¢,
|B(y, )|

>1—c¢. (11)
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Let us consider any such r with r < min{a, b}, and let us call S = {2/ € RN~ : |2/| < r/2}
the horizontal (N — 1)-dimensional ball of radius /2. We also call

Dx:{x/ES: (x/X]R)ﬂEﬂB(x,r)ZQ}.

We have then
B(a,r) \ B > A5 (D) V3r
which by (11) implies
2#N"N(D,) < . wyr¥ L

V3

The very same estimate clearly holds for the set D,, defined replacing x by y. Calling then
S~ =8\ (I'uD,U D,), and recalling that by Lemma 9 we have AN 1T = 0, we deduce

2ew
NS\ §7) < N N1
(S\87) < 7

Let us now consider a point 2/ € S~. Since 2/ ¢ D, U D, this means that there are a(z’) >
a—r > rand b(z") > b—r > r such that the two points (2, —a(z’)) and (2, b(z’)) belong to E, or
in other words —a(z’) and b(z) belong to E,s. Since 2’ ¢ T, the section E,/ is a segment, which
then must contain the whole segment (—r,r). We have then obtained that £ O S~ x (—r,r),

hence

N-1 - 2ewn N

|B(z,7/2)\ E| < ri (S\S7) < 7 riv .
|B(z,7/2) N E| 2Nt
BGr2 - 3

Since this is true for every r < 1, we obtain that
.. JENB(z,1)] 2N+1g
liminf ——————>1—- ———
r—0 |B(z,7)| — V3

and since € > 0 was arbitrary we deduce that z € E'. The proof is then concluded. O

As a consequence,

We can now start to show Theorem 1. We start with a particular case.

Proposition 11. Let E C RY be an isoperimetric set symmetric with respect to the origin, that
1s, E = —FE. Then, E is a ball centered at the origin.

Proof. Since E is isoperimetric, then E' is convex by Proposition 10. By the symmetry of E,

we deduce that there exists a symmetric function £ : S¥~1 — R* such that
E={p0: 0SSN 0<p<t0)}.
To conclude the proof, we have then to prove that ¢ is constant (we actually know by symmetry
that £(0) = £(—0) for every direction # € S¥~1, but we will not use this fact).
Take two different directions 6 # v € S¥~! with 6 - v > 0, and let II be the (N — 1)-
dimensional linear hyperplane containing v and the (N — 2)-dimensional space orthogonal to

both 0 and v. Let us call P the point P = £(0)0 € OF, let (Q be the point which is symmetric
to P with respect to II, and let R = (P + Q)/2. Notice that

R=(((8)0-v)v.
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Since E is symmetric with respect to the origin, any linear hyperplane is bisecting F/, then in
particolar II bisects E. We can then apply Lemma 4, and since F is isoperimetric we obtain
that both the symmetrized sets Fq and E5 are isoperimetric. In particular, we call F; the one
which coincides with E in the half-space containing P, so that both P and @ belong to 0" F;.

Since FEj is isoperimetric, then again by Proposition 10 we know that the set of its points
of density 1 is convex. For every 0 < A < 1 both the points AP and A\Q have density 1 on Fjy,
so AR has density 1 in Ej. Since R is in the direction v, which belongs to II, the fact that
AR € (E1)! implies £(v) > |AR| = M(0)0 - v. Since this holds for every 0 < A < 1 we finally
deduce

Lv) > £(0)0-v.

This estimate is valid for every choice of v # 6 € SN~ with #-v > 0. Calling o € S! the angular

distance between 6 and v, so that 6 - v = cos(«), the estimate can be rewritten as
L(v) > £(0) cos(av) . (12)

Let now M € N be a large number, to be eventually sent to co, and let us subdivide the angle
between 6 and v in M equal angles. That is, we have M +1 directions 8g = 0, 61, 02, ... , Oy = v
such that the angular distance between any #; and the corresponding 6;1 is always a/M. The

estimate (12) then implies
((v) = £(0ar) > £(Opr—1) cos(a/M) > £(Onr—2) cos(a/M)? > - > () cos(a/M)M.

Since, for any fixed a, limp;_,o0 cos(a/M)M = 1, we finally deduce that £(v) > £(6) or any two
directions v, # € SN~ with - v > 0. From this, it obviously follows that £ is constant, that is,

FE is a ball. ]
It is now simple to conclude the proof of our main result in general.

Proof (of Theorem 1). Let E C RY be an isoperimetric set of volume m, which exists by

Lemma 3. Up to a translation, we can assume that
‘ m
’{er:xj>ov1gjgk}‘=27, V1<k<N. (13)

Lemma 4 implies that, whenever a hyperplane bisects an isoperimetric set, then both the cor-
responding symmetric sets (in the sense of Lemma 4) are also isoperimetric. Applying this
argument a first time with the plane II; = {z; = 0}, we obtain that E; = {z € RY :
(|z1|,z2, ..., xn) € E} is an isoperimetric set. We apply then the argument again to the set F;
and the plane IIy = {x3 = 0}. Notice that this is possible because by (13) we have that the plane
IIs bisects E7, while it is a priori not necessarily true that IIs bisects E. We obtain then that
also By = {x € RN : (|z1], 72|, #3..., vx) € E} is an isoperimetric set. Repeating N — 2 times
more the same argument we obtain that the set Ey = {x € RN : (21|, |22], |z3|... , |zN]|) € E}
is an isoperimetric set. Since Epy is symmetric with respect to the origin, by Proposition 11
it is a ball. This means that (up to a translation) the intersection of E with the quadrant
{:2; >0V1 < j < N}isa ball. Since we can repeat the same argument with any other

quadrant, we immediately deduce that E is necessarily a ball.



10 PROOF OF THE ISOPERIMETRIC INEQUALITY

Summarizing, we have proved that any isoperimetric set must be a ball. Since isoperimetric

set exist, and since translations do not effect measure nor perimeter, the proof is concluded. [J



